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Improving the Priest model‘ not only the phase transition temperature and the phase 
diagrams of one- and two-component lecithin homologuest but also the excess heat 
capacity curves and cooperative unit sizes are determined. Here we used a new method 
to determine the cooperative unit size. I t  is pointed out that this method and the 
generally used expression, the ratio of van’t Hoff enthalpy to the calorimetric enthalpy 
( A H , , , / A H , , , )  result in the same values for the cooperative unit size if the partition 
function can be approximated by means of the maximum-term method. This condition 
does not fulfil for one-component lecithin membranes, consequently the cooperative 
unit sizes obtained by the two methods differ by a 1.5-2 factor. A great advantage of 
this new method that one can determine the cooperative unit size of multicomponent 

t To whom correspondence should be addressed. Dr. Sugar, Department of Biochem- 
istry, University of Virginia, Box 440, Charlottesville, Virginia 22908 

$Abbreviations: DLPC, L-a-dilauroylphosphatidylcholine; DMPC, L-a-dimyris- 
toylphosphatidylcholine; DPPC, L-a-dipalmitoylphosphatidylcholine: DSPC. L-a-di- 
stearoylphosphatidylcholine. 
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198 SUGAR and MONTICELLI 

systems too. As regards to the two-component systems, we can state the following: 

cooperative unit sizes. 

can be reproduced. 

unit size. 

the stronger the decrease of the cooperative unit size. 

1. The shapes of the excess heat capacity curves depend strongly on the values of the 

2. By means of the model. the experimentally obtained excess heat capacity curves 

3. The mixing of the components results in the drastic decrease of the cooperative 

4. During mixing, the greater the chain length difference between the components is, 

INTRODUCTION 

A number of theoretical works have been performed to interpret the 
phase diagrams of two-component lecithin bilayers, namely, statistical 
mechanical" and phenomenological 

In this paper Priest's phenomenological model: generalized previ- 
ously for phosphatidylcholine/phosphatidylethanolamine mixtures,' 
has been further developed. In addition to the phase diagrams, we 
determine the excess heat capacity curves of one and two-component 
lecithin membranes as well. By means of these calculations, trying to 
fit experimental data,'' the cooperative unit sizes of the mixed systems 
are also determined. 

SMALLEST SUBSYSTEM AND COOPERATIVE UNIT 

At the critical point the correlation length of the system, going 
through a second order phase transition, is infinite.16 During a first 
order phase transition (e.g. gel-liquid crystalline phase transition of 
the lipid membranes) the correlation length of the system remains 
finite, and the system can be separated into mathematically indepen- 
dent subsystems. These subsystems are characterized with the same 
parameters. For instance the ratio of the gel/liquid crystalline phase 
agrees in the subsystems and in the multicomponent cases the ratios 
of the different components agree in the subsystems too. The linear 
size of these independent subsystems higher or comparable with the 
correlation length. As a consequence of the independence the phase 
transition properties of a subsystem with continuous functions across 
the boundary (e.g. transition temperature, transition enthalpy/mole 
etc.) agree with that of the total system. The maximum of the 
correlation length belonging to the examined phase transition deter- 
mines the minimum size of the independent subsystems. In general, 
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LANDAU THEORY OF PHOSPHOLIPID BILAYERS I99 

subsystems being smaller than this minimum size cannot be consid- 
ered to be independent from each other. Consequently the partition 
function of the total system ( Q )  can be factorized into the partition 
functions of the smallest subsystems ( Qhuh): 

Q =  = [ h x p -  { ~ ( S , T ) . J V / ~ T } ~ S ] ~ '  

where M and JY are the numbers of interacting units (molecules) in 
the total system and that of in the smallest independent subsystem 
respectively. f(S, T )  is the specific free energy function, S is the order 
parameter characterizing the phase transition and T is the absolute 
temperature. 

It is pointed out in the Appendix that the size of the smallest 
subsystem is equal to the cooperative unit size if the partition function 
can be approximated by its maximum term. Namely one can derive 
the well known formula of the cooperative unit size ( JV~) : ' , ' ' - ' ~  

( 1 )  0 = A H , , , / A H , , ,  = 
2 dB 

for the size of the smallest subsystem too. In Eqn. 1 AH, , ,  AH,, , ,  T ,  
and 0 are the van? Hoff enthalpy, calorimetric enthalpy change, 
midpoint temperature and degree of phase transition respectively. 
However it is important to note that in spite of this equivalence on 
phenomenological level the definitions of these concepts are different 
on molecular level! According to Stankowski and Gruenewald:8 ' 
' . . . the cooperative unit represents an average cluster of strongly 
correlated molecules at the midpoint of the transition . . . ", where a 
cluster contains molecules being in only one of the coexisting phases. 

In the next sections we determine the size of the smallest subsys- 
tems for one and two-component lecithin membranes. Since this size 
is equivalent with the size of the cooperative unit it is also called 
cooperative unit size in this study. The main advantage of this method 
is that one can easily determine the cooperative unit size of the 
multicomponent systems too. 

MODEL OF ONE-COMPONENT BILAYERS 

Applying the Landau theory of phase transitions, Priest6 constructed 
probably the simplest model of phospholipid bilayers. According to 
this model, the free energy per mole of hydrocarbon chains (one 
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2 00 SUGAR and MONTICELLI 

chain consists of L CH, units) is given by: 

F/2RT = Eo( L - 3 ) S /  RT + ( L  - L*) 

X [ W ( S  - So), - Z ( S  - - Z ( S o ) 3 ] / R T  

- ( L  - 2 ) 2 @ ( ~  - s') at s > 0, 

F/2RT = co at S < 0, 
( 2 )  

where S is the order parameter (the fraction of C-C bonds in the 
hydrocarbon chain tails which are in gauche conformation), E (= 500 
cal/mol. CH, = 2.1 kJ/mol. CH,) is the energy associated with the 
trans-gauche energy difference, R is the universal gas constant, T is 
the absolute temperature. The fitted model parameters L*, W / R  and 
Z /  R are 6.4, - 1085 K and - 275.1 K respectively; So = 0.39 is the 
value predicted for S at the melting point of Extended Chain Confor- 
mation (ECC) polyethylene.' The first term of Eqn. 2 is associated 
with the intramolecular conformation of molecules. The second con- 
tribution is due to the change in'the optimal value of the density 
connected with the changes in S ,  i.e. to the change of intermolecular 
conformation. The third one is the entropy term. 

The changes in excess enthalpy or excess heat capacity characterize 
changes in structural state of the membrane. In the case of condensed 
systems the mechanical working term of Gibbs free energy function is 
negligible" and the specific enthalpy function of the system can be 
calculated by means of the following formula: 

H ( S )  = - T2i3(F/T)/i3T = F ( S )  + 2 a ( L  - 2)(S  - S2)2RT (3) 

In order to obtain the average specific enthalpy ( H ) ,  over the order 
parameter, we have to take the following into consideration: 

i. the order parameter can change in the 0 < S < 0.5 interval,' 
ii. the intermolecular interaction term in Eqn. 2 is constant if 

S > So and its value is:' 

( L  - L*)( - ws; - Z S , ~ ) / R T ,  

iii. the average specific free energy of the smallest subsystem equals 
that of the total system and can be calculated by the following 
formula: l 4  

F = - (RT/A")ln Qsub 
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LANDAU THEORY OF PHOSPHOLIPID BILAYERS 20 1 

Taking these notes and Eqn. 3 (for averages) into consideration the 
average specific enthalpy ( g )  is as follows: 

H ( T )  / 2 R  

= y" H ( S ) / 2 R ]  

. exp[ - F ( S ) N / 2 R T ]  dS/J"'exp[ - F ( S ) N / 2 R T ]  dS 
0 

(4) 
where N is the number of cooperating hydrocarbon chains and 
A' = N / 2  the cooperative unit size. 

Substituting Eqns. 2 ,  3 into Eqn. 4 by means of a numerical 
integration the average enthalpy in the function of temperature can 
be calculated. In Fig. 1 these calculated average specific enthalpy 
curves are shown in case of DPPC membrane ( L  = 16) at different 
cooperative unit sizes. Obviously, the steepness of the gel + liquid 
crystalline phase transition increases with the increasing cooperative 
unit size. At a suitable value of JV, one can reproduce theoretically 
the experimentally obtained slopes of the enthalpy curves at phase 
transition temperature. 

For the fitting procedure similarly to Priest' we use the experimen- 
tal data of Mabrey and Sturtevant." Though in the Table I of Ref. 10 

8000 

4000 

0 
4 1  42 43 

t < - c >  
FIGURE 1 Calculated average specific enthalpy of one-component DPPC bilayer in 
the function of temperature at different values of cooperative unit sizes (solid lines). 
Experimental data:'* dotted line. 
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202 SUGAR and MONTICELLI 

the authors do not give information on the steepness of the phase 
transition, these values can, however, be determined unambiguously 
since Mabrey and Sturtevant used the well-known formula (Eqn. 1) to 
obtain the cooperative unit size, Mo,  where (SO/dT),m is the steep- 
ness of the phase transition at O = 1/2. Thus, as an example, the 
steepness of the phase transition of DPPC dispersion is: 

(de /n ) , , "=  2.858 K - '  

using the data reported by Mabrey and Sturtevant," namely, No 
= 260, AH,,, = 8700 cal/mol, T ,  = 314.56 K. The same steepness 
was obtained for the enthalpy curve of DPPC at A' = 350 from our 
model. The results of these fitting procedures are shown in Table I for 
lecithin homologues. 

It is seen that the cooperative unit sizes, J', determined by our 
model are higher by a 1.5-2 factor than the N o  values, since the 
maximum term approximation is not applicable for the partition 
function of the lipid membranes. Namely, there are large fluctuations 
near the phase transitionI6 of one-component lipid membranes and 
consequently the barrier height between the local minima of the free 
energy function of the subsystem, -4" .f(S, T )  is in the order of kT 
(thermal energy unit). Just in the case of so shallow minima the 
maximum term approximation is not applicable. 

MODEL OF TWO-COMPONENT BILAYERS 

The above-described method for the determination of enthalpy curves 
and cooperative unit sizes can be applied in the cases of two- 
component bilayers as well. The importance of this method is espe- 
cially striking here, since the application of Eqn. 1. is impossible even 

TABLE 1 

Some transition properties of lecithin series homologues l o  Cooperative unit 

proposed model (- I ) 
sizes were determined according to Eqn 1 ( Y o )  and by means of the 

AHcal T m  W / d T ) T m  
L - 9  (kcal/mol) I. 0 ("C) (K - '1 
12 2500 1.7 980 - 1.8 2.83 
14 500 5.4 330 23.9 2.52 
16 350 8.7 260 41.4 2.86 
18 I50 10.6 130 54.9 1.60 
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LANDAU THEORY OF PHOSPHOLIPID BILAYERS 203 

formally in case of two-component systems, namely, neither the phase 
transition temperature nor the steepness of the phase transition can be 
determined. 

Applying Priest's result6 we can write for the state function of a two 
component bilayer (mixture of phospholipids differing only in chain 
length): 

G ( S , X )  - -- F ( S )  1 + - X l n X + - ( l - X ) . I n ( l - X )  1 2RT 2RT 2 2 

+ A U .  x + A L .  L!-. - S  . X ( l - X ) .  ( 5 )  R T  (i ) 
Here & S )  is given by Eqn. 2 with L = L, + XAL, where Ls is the 
number of CH, units of the shorter chain species, AL is the chain 
length mismatch and X is the mole fraction of longer chains. The 
second and third terms in Eqn. 5 are the entropy of mixing. The 
factor t comes from the fact that there are two chains per head 
group. The difference in chemical potential between the long and 
short chains is denoted by AU (in dimensionless unit). It is an 
intensive thermodynamic variable conjugated to X .  By adjustment of 
AU, the minimum of G ( S , X ) ,  with respect to X ,  can be made to fall 
at the value of X set in an experiment. 

The last term in Eqn. 5 represents the non-ideal effects. It vanishes 
in a maximally disordered system ( S  = f )  and has a maximum for the 
gel state ( S  = 0). The form X(l  - X )  is the simplest expression that 
vanishes in both pure component limits. u / R ,  is a model parameter. 
For lecithin mixtures it  is 125 K (see Ref. 6). If AL = 2 and 4, there 
are two local minima of C ( X ,  S). One is at S = 0 and a larger value 
of X .  This is the long chain rich gel minimum. The other minimum is 
at a liquid crystalline value of S and a small value of A'. This is the 
short-chain rich liquid crystalline minimum. As a function of AU and 
T, the equilibrium values of X and S correspond to the global 
minimum of G ( S , X ) .  At a given T,  one can find a critical value of 
AU( = AU,) where both the local minima are global minima of 

On the phase diagrams, the pairs of X values (X, ,X,c)  belonging to 
these double global minima are plotted against the temperature (see 
Fig. 2). 

The upper curves of phase diagrams are the so-called liquidus, and 
the lower ones, the solidus curves. The liquid crystalline phase is 
above the liquidus curve, and the gel phase is below the solidus curve. 
Between these curves there is a mixed phase region where short-chain 

G ( S , X ) .  
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204 SUGAR and MONTlCELLl 

1 
T l o  

X l c  X +I 
20 7 : e :  : : := : ’ - ’  

0 .2 - 4  .6 . e  1 

x <DSPC> 

FIGURE 2 Calculated phase diagram of DMPC/DSPC mixture. The 
characteristic values of the diagram occur in the formula of the average 
H ( X ,  T )  (see Eqns. 6 ,  8). 

indicated 
enthalpy, 

rich liquid crystalline phase coexists in equilibrium with a long-chain 
rich gel phase. In the range of pure gel or pure liquid crystalline phase, 
the average specific enthalpy, at a given X and T (< T,(X) or 
> T,c (X)  see Fig. 2), can be determined easily by the expression 
analogous to Eqn. 4: 

exp[ - G ( X , S ) N / 2 R T ]  dS 

L1’2exp[ - G ( X ,  S ) N / 2 R T ]  dS 
= L”’[ H ( X ,  S ) / 2 R ]  (6) 

where the specific enthalpy function of the mixture, H ( X ,  S )  is: 

H ( X , S ) = X . H , ( S ) + ( l  - X ) . H , ( S )  

+ 2 * A L . ~ . ( 0 . 5 -  S)X(l  - X )  (7) 

containing the specific enthalpy functions of the pure longer chain 
system (HI)  and that of the shorter chain system ( H , )  (see Eqn. 3) 
and the third term is the excess enthalpy function. In the mixed phase 
range, one can obtain the average specific enthalpy at a given X and 
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LANDAU THEORY OF PHOSPHOLIPID BILAYERS 205 

T ( T , ( X ) T g ( X )  < T < T,(X)T, , (X))  by means of the lever rule:I4 

(8) 

where X g  and X,c are the mixing rates belonging to the solidus and 
liquidus curves, respectively, at  a temperature T (see Fig. 2). 
H ( X x ,  T )  and H ( X , ,  T )  are the average specific enthalpies which 
can be determined by Eqns. 6-7. We note here that the lever rule is 
but a two-state approximation, resulting in an error in the calculated 
excess heat capacity curves. 

RESULTS AND DISCUSSION 

Cooperative unlt size and the shape of the excess heat capacity curves 

In Fig. 3 the calculated excess heat capacity curves of DMPC/DPPC 
mixture are shown at a constant mixing rate ( X  = 0.372), but at 

1600 

1200 

800 

400 

0 
20 25 30 35 40 

t c-c> 
FIGURE 3 
ture in the function of temperature at different values of cooperative unit sizes ~ 1 
(=  N / 2 ) .  Mixing rate is X = 0.372. 

Calculated excess heat capacity of two-component DMPC/DPPC mix- 
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206 SUGAR and MONTICELLI 

different cooperative unit sizes, JZ/ (= N / 2 ) .  According to this result, 
the cooperative unit size has a strong influence on the shape of the 
heat capacity curves. The broadening and the decrease of the peaks 
are the main tendencies with decreasing cooperative unit size. This 
result is in accordance with the experimental findings; i.e. with the 
increasing amount of impurities, the broadening and the decrease of 
the calorimetrical peaks were ob~erved . '~  

Cooperative unit slzes of two component-biiayers 

The sensitivity of the shape of heat capacity curves to the value of the 
cooperative unit size ensures its determination with high accuracy 
during the fitting procedure. 

In Fig. 4, the experimental heat capacity curves and the respective 
theoretical curves are shown for two DMPC/DPPC mixtures. Ac- 
cording to this figure, the best fit was obtained at JP' = 70 ( X  = 
0.372) and .A' = 40 ( X  = 0.644). Nevertheless, the peaks are broader 
than the experimental ones. These discrepancies may originate from 
the inaccurate determination of the onset and the end point of the 
phase transition from the heat capacity curve (Mabrey and Sturte- 
vant") which leads to the inaccuracy of the phase diagram by which 
the beginning and the end points of the mixed phase were given in 
our model. In  Fig. 5 and 6, the calculated and measured heat capacity 
curves of DMPC/DSPC and DLPC/DSPC mixtures are shown, 
respectively. 

It is necessary to mention here that DLPC/DSPC mixture deter- 
mines a so-called peritectic system which differs qualitatively from the 
earlier ones. (see Fig. 6 in Ref. 6). The phase diagram of this system 
contains a horizontal line at about I'C, separating two types of mixed 
phases. Below 1"C, a short chain rich gel and a long-chain rich gel 
phase are mixed, while, above it, a short-chain rich liquid crystalline 
phase and long-chain rich gel phase mix. At a given X ,  going through 
this horizontal phase line, the system goes from a complete gel state 
( S  = 0) into a partly liquid crystalline state ( S  # 0); i.e. the average 
enthalpy of the system changes discontinuously, and the heat capacity 
curve has to be a Dirac delta function a t  this point (see Fig. 6). 
Therefore, the relative heights of the sharp peaks depend on the 
enthalpy change at the discontinuity. 

On the abscissas of Figs. 4-6, the onset and the end point of the 
mixed phase region are marked by arrows showing up and down 
respectively. In the frame of the model, these points are determined 
with precisity, and their place relative to the characteristic parts of the 
heat capacity curves can give some ideas for practical cases as well, to 
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LANDAU THEORY OF PHOSPHOLIPID BILAYERS 207 

1200 

aoo 

400 

0 

X4.644 

/ 

- .  
.I 

25 f 30 35 1 t(OC) 

FIGURE 4 Excess heat capacity, Cp of two-component DMPC/DPPC mixture in the 
function of temperature. at two mixing rates ( X ( ,  = 0.372 and X,, = 0.644). Calculated 
curves with . I (, = 70, I ,, = 40. (solid line) and experimental curves" (dotted and 
dashed line). 

FIGURE 5 Excess heat capacity, Cr of two-component DMPC/DSPC mixture in the 
function of temperature. at two mixing rates (X,, = 0.361 and X,, = 0.628). Calculated 
curves with I L, = 20, I ,, = 10. (solid line) experimental curves" (dotted and dashed 
line). 
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208 SUGAR and MONTICELLI 

800. 

400. 

A .  

X4 .498 
*-  

.. 

. . 

. .  

. .  . . . -  
-? L 

A 

o t  10 20 30 40 -1 't PC) 
01 . 

4001 , . 
I .. \ 

* .  - _ -  \ - -  ... . . . .  .-- 
0 '  

10 20 30 50 t(OC) 

(b) 

FIGURE 6 Excess heat capacity. Cp, of two-component DLPC/DSPC mixture in the 
function of temperature. at three mixing rates. The theoretical curves (solid) were 
calculated with. I (, = 7.5 at  X,, = 0.498 (fig. a). . I L, = 10 a n d .  I ,, = 7.5 at  X,, = 0.191 
and X ,  = 0.819 (fig. b). Experimental curves:" dashed and dotted line. 

have an approximation for the beginning and the end of the mixed 
phase region. 

In Table 11, the fitted values of the cooperative unit sizes are shown 
in case of different binary mixtures and mixing rates. 
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TABLE I1 

Cooperative unit size values determined 
by fitting procedure of experimental 

excess heat capacity curves 

Mixtures(A/B) X, Jy 

DMPC/DPPC 0 500 
. 372 70 
. 644 40 
1 350 

DMPC/DSPC 0 500 
. 361 20 
,628  10 
1 150 

DLPC/DSPC 0 2500 
. 191 10 
,498  7.5 
,819 1.5 
1 150 

According to Figs. 4-6, it can be stated that the model can 
reproduce not only the phase diagrams but the basic characteristics of 
the experimentally obtained excess heat capacity curves of two- 
component lipid bilayers. We could determine the value of coopera- 
tive unit size of the two-component systems in every case, and these 
values depend strongly on the mixing rate and on the types of the 
mixed molecules. The main tendencies are the following: 

i. Mixing always leads to a drastic decrease in the cooperative unit 
size. 

ii. The greater AL (chain length difference between the mixed 
components) is, the stronger decrease of the cooperative unit size 
during the mixing can be. 

iii. The lowest limit of the cooperative unit size in the binary 
mixtures of the phospholipids is about seven. 

These qualitative behaviors of the cooperative unit sizes in the 
mixed systems will be explained by a simple statistical mechanical 
model in the subsequent paper. Here a phenomenological determina- 
tion of the cooperative unit size was given. While (dO/dT)I T , ,  T ,  and 
AH,,, can be determined directly from the calorimetrical spectra in 
certain cases, the parameters of the Priest model are obtained after a 
fitting procedure. Obviously both sets of parameters depend implicitly 
on the molecular interactions between the units of the system and on 
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the amount of the impurities.8 Consequently the obtained cooperative 
unit sizes depend on these factors in our case too. 

Acknowledgement 

We wish to thank Dr. C .  Marzagora for computing assistance, W. van Osdol for useful 
discussions, Profs. I. Tarjan and G. Ronto for their stimulating support. This work was 
developed in the frame of the Italian-Hungarian Technical and Scientific Cooperation 
and was supported in part by an Italian CNR Public Health Project. 

APPENDIX 

Here we point out that Eqn. 1 can be derived for the size of the 
smallest subsystem too, if its partition function can be approximated 
by means of the maximum term.I4 

The partition function of the smallest independent subsystem is: 

Qsub = J (dS)  S exP - [ f (  T ,  S )  * &'/ k T ]  (-41) 

At the phase transition temperature, T ,  there are two global maxima 
of the integrand at  S, and S,, i.e. f(T,,,,S,) = f( T,,,,S,). Applying the 
maximum term approximation [14], Qsub is approximated by the 
integrals around the maxima of the integrand: 

=22~{exp - [ S J f ( T , S , ) / k T ]  + exp - [ J " f ( T , S , ) / k T ] }  

( 4  

where 2c is the length of the small interval around S ,  or S,.  In this 
approximation the degree of phase transition in a subsystem, Bsub is: 

Since the subsystems are independent from each other Bsub is equal to 
the degree of phase transition, 0 for the whole system. The slope of 
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the phase transition at the phase transition temperature is: 

Since the specific enthalpy function is [ 141: 

and 8(Tm) = 1/2 we obtain: 
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